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The hierarchical three-body problem has many applications in relativistic astrophysics, and can
play an important role in the formation of the binary black hole mergers detected by LIGO/Virgo.
However, many studies have only included relativistic corrections responsible for the precession of
pericenter of the inner and outer binaries, neglecting relativistic interactions between the three
bodies. We revisit this problem and develop a fully consistent derivation of the secular three-body
problem to first post-Newtonian order. We start with the Einstein-Infeld-Hoffman equations for a
three-body system and expand the accelerations as a power series in the ratio of the semi-major
axes of the inner (a1) and outer (a2) binary. We then perform a post-Keplerian, two-parameter
expansion of the single-orbit-averaged Lagrange planetary equations in δ = v2/c2 and  = a1/a2
using the method of multiple scales. Using this method, we derive previously-indentified secular
effects at δ5/2 order that arise directly from the equations of motion. We also calculate new secular
effects through δ4 order that can lead to eccentricity growth over many Lidov-Kozai cycles when
the tertiary is much more massive than the inner binary. In such cases, inclusion of these effects can
substantially alter the evolution of three-body systems as compared to an analysis in which they are
neglected. Careful analysis of post-Newtonian three-body effects will be important to understand
the formation and properties of coalescing binaries that form via three-body dynamical processes.
I. INTRODUCTION
The hierarchical three-body problem, in which a bi-
nary is orbited by a distant third companion, has wide
applications in astrophysics. Triple systems can explain
phenomena over a wide range of scales from asteroids to
supermassive black holes (SMBHs) [1–13]. A key charac-
teristic of hierarchical triples is the exchange of angular
momentum between the inner and outer orbits, which
can lead to large inclination and eccentricity oscillations
known in the literature as the Lidov-Kozai (LK) reso-
nance [14, 15]. Dynamical models of triples undergoing
LK resonant excitations have complemented observations
and informed theories about the formation and evolution
of these systems, especially in the context of exoplanets
and compact object mergers [16–19].
Traditionally, the LK effect is calculated by expanding
the orbit-averaged, three-body Newtonian equations of
motion as a power series in  = a1/a2, where a1 and a2
are the semi-major axes of the inner and outer binary,
respectively. Perturbations that accumulate over each
orbit (unlike periodic average-free perturbations) are re-
ferred to as “secular” perturbations. The leading secu-
lar effect, the Newtonian-quadrupole or “quadrupole” for
short, arises at order 3 beyond Keplerian forces which
scale as r−2. These quadrupole terms facilitate the ex-
change of orbital angular momentum which induce oscil-
lations in the eccentricity and inclination.
Higher-order perturbations can change the nature of
the LK effect. The addition of 4 (octupole) order pertur-
bations can cause orbital flips [20–22], extremely large ec-
centricities [23–25], and chaotic evolution [20, 26]. These
behaviors persist through 5 (hexadecapole) order [27].
The implications of two-body relativistic effects in
LK triples have been thoroughly studied. In a post-
Newtonian expansion of the two-body equations of mo-
tion, the leading relativistic effect induces the precession
of pericenter and appears at order δ = v2/c2 (“1pN”
order) beyond Keplerian forces, where v is the velocity
of the inner binary. If the 1pN precession timescale of
the inner binary is much shorter than the quadrupole
timescale, eccentricity growth is suppressed [23, 28, 29].
Alternately, if the 1pN precession timescale is compa-
rable to the quadrupole and octupole timescales, eccen-
tricity growth is heightened [23, 29]. Dissipative terms
appearing at order δ5/2 (“2.5pN” order) cause the or-
bit to shrink due to gravitational radiation. Eccentricity
peaks induced by the LK effect can drastically increase
the efficiency of gravitational radiation, driving the inner
binary to merge much faster than if the binary were circu-
lar [30–32]. This has exciting implications for compact-
object binaries with third companions as potentially ec-
centric gravitational-wave sources for LIGO and LISA
[12, 33]. The outer binary’s 1pN precession appears at or-
der δ2 = V
2/c2 beyond Keplerian forces (in the outer bi-
nary), where V is the velocity of the outer binary. While
many studies have included the outer 1pN precession, it
does not typically have a strong effect [29, 34].
In comparison, little is known about relativistic three-
body effects or how they may alter eccentricity growth
in LK triples. Even though the three-body 1pN (3BpN)
terms are required for a self-consistent 1pN secular evo-
lution, they are generally not included in the majority of
analyses of hierarchical triples. The 3BpN effects can be
derived with a post-Keplerian, two-parameter expansion
which we illustrate in Fig. 1. We differentiate two-body
1pN (2BpN) effects from three-body 1pN (3BpN) effects
as follows:
• 2BpN refers to the 1pN pericenter precession effects
on both the inner and outer binaries. We consider
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FIG. 1. Secular effects on the inner binary in a post-
Keplerian, two-parameter expansion in the post-Newtonian
parameter δ = (v/c)2 and ratio of semi-major axes  = a1/a2.
At zeroth order, both the inner and outer orbits remain fixed;
the orbital vectors e1 = e1n (pointing towards the binary’s
pericenter) and j1 =
√
1− e21h (parallel to the orbital an-
gular momentum) do not change. The leading three-body
effects induce the LK resonance which induces perturbations
∆e1,∆j1 ∝ 3 over a single orbit PKin = 2pi/
√
Gm/a31. The
1pN effects on the inner binary appearing at δ order induce a
precession of pericenter. In this study, we investigate three-
body 1pN effects (3BpN) due to accelerations through δ3
“1pN-quadruple” order (blue shaded region). Certain 3BpN
effects are distinct, such as the de Sitter precession, which
causes e1 and j1 to precess about the outer orbit’s angular
momentum. Other 3BpN effects appear as corrections to the
quadrupole and 1pN terms.
the outer 1pN precession as a two-body effect as
this effect does not depend on the inner binary sep-
aration and would happen identically if the inner
binary were replaced by a single body of equivalent
mass.
• 3BpN refers to all other 1pN effects not including
the 1pN pericenter precessions.
The 3BpN terms are referred to as the “interaction
terms” by Ref. [29] or “cross terms” by Ref. [35].
One approach to study the 3BpN cross terms is to di-
rectly integrate the complete three-body pN equations, as
done in Refs. [36–39]. While these numerical solutions are
exact, much work is required to gather physical insight.
Approaches involving analytic expressions from pertur-
bative calculations can play an important role in inter-
preting the output of N -body codes and understanding
underlying physics. Such a synergy is common in the ex-
isting literature on secular effects in LK triples (e.g. the
case of orbital flips in hot Jupiter systems [21, 29]). Fur-
thermore, such integrations are typically far more time
consuming than an integration of the secular equations,
prohibiting a broad exploration of the parameter space.
To our knowledge, only four existing studies [29, 35, 40,
41] investigate 3BpN cross terms on the inner binary with
an orbit-averaged, perturbative approach. Although re-
sults from these studies suggest that specific 3BpN terms
can significantly affect the evolution of the inner binary,
they either only consider a subset of the relevant 3BpN
terms [29, 41] or derive them restricting the outer orbit
to be constant [35, 40].
In this study, we derive the general case for arbitrary
masses and orbital parameters, using a set of equations
averaged over the inner orbit. We then focus on the spe-
cific case where the outer companion is much larger than
the inner binary (e.g. a binary BH around a supermas-
sive BH) and identify the specific cross terms that can
influence the dynamical evolution of the inner binary.
In much of the parameter space for secular hierarchical
triples, 3BpN effects are subdominant to 2BpN effects
and do not alter the evolution of the triple.
In certain regions of parameter space, the magnitude of
3BpN terms can approach that of 2BpN terms and sub-
stantially change the evolution of the inner binary. At
the quadrupole level, the 3BpN effects coherently mod-
ulate the amplitude of LK oscillations which can lead
to a greater range in eccentricity. In systems with ini-
tially moderate inclinations, the 3BpN terms can interact
with the octupole terms and cause even larger eccentric-
ity growth and significantly reduce merger times.
The outline of this paper is as follows: In Sec. II we
review the existing literature on relativistic cross terms
in hierarchical triples. In Sec. III we present a derivation
starting with the Einstein-Infeld-Hoffman equations for
three bodies. We then conduct a multiple-scale analy-
sis of the Lagrange planetary equations to compute sec-
ular effects through 1pN-octupole order. The derived
3BpN cross terms are presented in App. A. We provide
a Mathematica notebook upon request that contains a
complete derivation. In Sec. IV A, we discuss general fea-
tures of the 3BpN effects and estimate where in param-
eter space their effects may be important. In Sec. IV B
we present examples of systems where the quadrupole
LK resonance is significantly altered by 3BpN effects. In
Sec. IV C we analyze a population of hierarchical triples
including octupole terms and gravitational-wave emission
to identify systematic 3BpN effects that impact a popu-
lation of LK-driven mergers around a SMBH.
II. EXISTING STUDIES ON THIRD-BODY 1PN
EFFECTS
Most investigations on relativistic triples take into ac-
count post-Newtonian corrections due to binary motion
3along with Newtonian third-body interactions. In com-
parison, little is known about three-body relativistic in-
teractions in triples. To date, the authors are aware of
four previous studies that consider these effects in hier-
archical triples. We summarize these studies below and
then comment on how their results motivate our current
work.
(1) Naoz et al. [29] derives 3BpN cross terms using the
orbit-averaged three-body 1pN Hamiltonian, which
is calculated by applying two successive canoni-
cal transformations: the first transformation re-
expresses the Hamiltonian in terms of action-angle
variables (Delaunay orbital elements) and the sec-
ond transformation removes periodic terms that de-
pend on mean anomaly angles. With the orbit-
averaged Hamiltonian, the time evolution is then
determined through Hamilton’s equations. How-
ever, as pointed out in Ref. [35], the presented
orbit-averaged Hamiltonian approach may not take
into account secular 3BpN effects generated indi-
rectly from first-order variations in the orbital el-
ements. As we will show, the leading-order peri-
odic effects generate additional secular 3BpN cross
terms.
(2) Will [35] uses the Lagrange planetary equations
to calculate post-Keplerian perturbations as we do
here. Ref. [35] also discusses how lower-order pe-
riodic perturbations generate higher-order secular
perturbations. However, this particular analysis
does not systematically distinguish between secu-
lar and periodic variations, which complicates in-
terpretation of the results [42]. The 3BpN cross
terms are also derived by restricting the outer bi-
nary’s orbit to be constant, circular, and coplanar
and only considering terms to leading order in the
tertiary’s mass, m3.
(3) Will [40] revisits the 3BpN cross terms in applica-
tion to Mercury’s orbit around the Sun. This anal-
ysis uses a multiple-scale analysis to systematically
account for periodic effects. Similar to Ref. [35],
this analysis assumes the outer orbit is constant,
circular, and coplanar, and considers effects up to
linear order in m3. With these assumptions, the
3BpN terms induce a precession [cf. their Eq. (1)]
over one inner orbit equal to
∆ω¯ =
4piGm3a
3/2
c2R5/2
+
3pi
4
Gm3a
2
c2R3
28 + 47e21
(1− e21)3/2
, (2.1)
where ω¯ is pericenter angle measured from a refer-
ence direction, R is the circular radius of the outer
tertiary, a is the Mercury-Sun semi-major axis, and
m3 is the mass of the tertiary planet. In this pa-
per we will investigate a different limit where the
tertiary is more massive than the inner binary.
(4) Liu et al. [41] considers additional relativistic in-
teractions between the spins and orbital angular
momenta in triple systems containing a supermas-
sive black hole (SMBH) with masses m1 = 30,
m2 = 20M, and m3 >∼ 108−109M. For the inner
and outer orbit they include the 1.5pN spin-orbit
(Lens-Thirring) precessions. For point-particle ef-
fects they include, through analogy with spin ef-
fects, the de Sitter precession of the inner orbital
plane. They write the frequency for this cross-term
precession effect as
ΩLinLout =
3
2
G3/2m3(4m+ 3m3)
c2
√
Ma
5/2
2 (1− e22)
. (2.2)
As we will show, this term is one of many cross-
terms that arises naturally in our multiple-scale ap-
proach.
Current discrepancies in the literature over the secu-
lar 3BpN cross terms exist (e.g. between Refs. [29, 35]),
in part, due to differences in how lower-order periodic
perturbations are considered in generating higher-order
secular perturbations. Therefore, our first aim is to out-
line a clear procedure that systematically accounts for
periodic effects for general hierarchical triple configura-
tions.
III. CALCULATING 3BPN CROSS TERMS
A. 1pN Equations of Motion
The Einstein-Infeld-Hoffman (EIH) equations describe
the post-Newtonian gravitational dynamics of a system of
point-like masses. The equations are expressed in terms
of coordinate positions ri = rini and velocities vi, where
i labels each mass. For a system of point-like masses the
accelerations are given by
4d2ri
dt2
=−
∑
j 6=i
Gmjnij
r2ij
+
1
c2
{∑
j 6=i
Gmjnij
r2ij
[
4
Gmj
rij
+ 5
Gmi
rij
+
∑
k 6=i,j
(
Gmk
rjk
+ 4
Gmk
rik
− Gmkrij
2r2jk
nij · njk
)
− v2i + 4vi · vj − 2v2j +
3
2
(vj · nij)2
]
− 7
2
∑
j 6=i
Gmi
rij
∑
k 6=i,j
Gmknjk
r2jk
+
∑
j 6=i
Gmj
r2ij
nij · (4vi − 3vj)(vi − vj)
}
,
(3.1)
where nij = ni − nj and ri − rj = rijnij .
In a hierarchical triple, two bodies of mass m1 and m2
constitute an “inner” orbit with separation r ≡ r12 and
center of mass r0. A tertiary body of mass m3 follows an
“outer” orbit about the inner orbit’s center of mass with
separation R ≡ r3 − r0, where |R|  |r|. For the inner
and outer orbits, we define the velocities as v ≡ dr/dt,
V ≡ dR/dt and the separation unit vectors as n ≡ r/r,
N ≡ R/R. In the center of mass frame,∑
miri = mr0 +m3r3 = O(c−2), (3.2)
which leads to
r1 =
m2
m
r − m3
M
R,
r2 = −m1
m
r − m3
M
R,
r3 =
m
M
R,
(3.3)
where m = m1 +m2 is the total mass of the inner binary
and M = m + m3 is the total mass of the triple. Post-
Newtonian corrections to the center of mass frame are not
relevant at 1pN order since only differences of position
vectors appear, and also velocities only appear in terms
that are already 1pN order [43]. In this frame, the 1pN
acceleration of the inner orbit’s center of mass r0 will
also affect R.
The EIH equations can be rewritten by grouping all
post-Keplerian accelerations on the right-hand side,
d2R
dt2
+
GM
R2
N = A, (3.4)
d2r
dt2
+
Gm
r2
n = a, (3.5)
where a and A contain both relativistic and third-body
terms. In the absence of post-Keplerian accelerations
(a,A = 0), Eqs. (3.4) and (3.5) take on their homoge-
neous forms resulting in Keplerian motion for each orbit.
The post-Keplerian accelerations a and A contain
terms that depend on powers of r13, r23, which can be
expanded as a power series in  = r/R. The Newtonian
interactions between the inner and outer orbits first ap-
pear at 3 order, conventionally referred to as quadrupole
order in the literature [27].
In the limit that m  M , perturbations on the outer
binary due to the inner binary are small. Thus, for the
oudster binary, we only consider Newtonian three-body
effects and the 2BpN term for the outer orbit,
A = A1pN +Aquad +Aoct. (3.6)
In contrast, perturbations on the inner binary due to the
SMBH can be significant (e.g. see Ref. [41]) so we include
the 3BpN accelerations,
a = a1pN + aquad + aoct + a3BpN. (3.7)
The quadrupole accelerations scale relative to the Kep-
lerian accelerations as
aquad ∼
(
Gm
r2
)
× 3
(m3
m
)
, (3.8)
Aquad ∼
(
GM
R2
)
× 2. (3.9)
whereas the 2BpN accelerations scale as
a1pN ∼
(
Gm
r2
)
× δ, (3.10)
A1pN ∼
(
GM
R2
)
× δ2, (3.11)
where δ = v2/c2 ∼ (Gm/r)/c2 is a parameter charac-
terizing pN perturbtions on the inner binary and δ2 =
V 2/c2 ∼ (GM/R)/c2 is a parameter characterizing pN
perturbtions on the outer binary.
3BpN effects can arise directly from the equations of
motion through a3BpN or indirectly through the inter-
action of lower-order effects from aquad and a1pN. The
interaction of lower-order perturbations on the outer bi-
nary (Aquad and ApN) will also induce 3BpN effects due
to the coupling between the orbits. We express all pN
corrections in terms of δ, using
δ2 = δ
(
M
m
)
. (3.12)
Cross terms due to the interaction of A1pN and aquad are
order δ2
3 ∼ δ4. Therefore, we must expand the direct
contributions from a3BpN to comparable order δ
4:
a3BpN ∼
(
Gm
r2
)
× δk
(
M
m
)`
, (3.13)
5where the powers of non-zero terms include
(k, `) ∈{ (4, 2) , (4, 1) , (4, 0) , (4,−1) ,(
7
2 ,
3
2
)
,
(
7
2 ,
1
2
)
,
(
7
2 ,− 12
)
, (3, 1) , (3, 0) ,(
5
2 ,
3
2
)
,
(
5
2 ,
1
2
)
,
(
5
2 ,− 12
)
, (2, 1) , (2, 0) ,
(1, 1) , (1, 0) , (1,−1) , ( 12 , 12) , ( 12 ,− 12) }.
(3.14)
Only the k ≥ 5/2 terms generate non-zero secular ef-
fects. We verify that our expression for a3BpN agrees
with Ref. [35] [cf. Eq. (4.7b)] when m3  m.
B. Lagrange Planetary Equations
Equations (3.4) and (3.5) constitute a second-order dif-
ferential equation for the positions and velocities of the
two orbits. It is possible to rewrite this as a first-order
differential equation for the time-dependent osculating
orbital elements {pi, ei, ιi, ωi,Ωi} (e.g. see Ref. [44]),
where i = 1, 2 labels the inner and outer orbit, respec-
tively. The positions and velocities of each orbit are de-
fined in terms of the orbital elements as
r = p1n/[1 + e1 cos(f)],
v =
√
Gm
p1
{e1 sin(f)n+ [1 + e1 cos(f)]λ} ,
R = p2N/[1 + e2 cos(F )],
V =
√
GM
p2
{e2 sin(F )N + [1 + e2 cos(F )]Λ} ,
(3.15)
where the bases {n,λ,h} and {N ,Λ,H} of the inner
and outer orbits, respectively, can be defined with respect
to a reference basis {eX , eY , eZ} as
n = [cos Ω1 cos(ω1 + f)− cos ι1 sin Ω1 sin(ω1 + f)] eX
+ [sin Ω1 cos(ω1 + f) + cos ι1 cos Ω1 sin(ω1 + f)] eY
+ sin ι1 sin(ω1 + f)eZ ,
λ =dn/df,
h =n× λ,
N = [cos Ω2 cos(ω2 + F )− cos ι2 sin Ω2 sin(ω2 + F )] eX
+ [sin Ω2 cos(ω2 + F ) + cos ι2 cos Ω2 sin(ω2 + F )] eY
+ sin ι2 sin(ω2 + F )eZ ,
Λ =dN/dF,
H =N ×Λ.
(3.16)
The basis vector eZ is conventionally chosen to align
with the total angular momentum of the triple. The true
anomalies f and F of the inner and outer orbits, respec-
tively, track the phase of each orbit. ωi is the argument
of pericenter, and Ωi is the longitude of ascending node.
The dynamical equations recast in terms of the above
osculating orbital elements are referred to as the La-
grange planetary equations. For the inner binary, the
planetary equations read
dp1
dt
=2
√
p1
Gm
rS,
de1
dt
=
√
p1
Gm
(
sin(f)R+ 2 cos(f) + e1 + e1 cos
2(f)
1 + e1 cos(f)
S
)
,
dω1
dt
=
1
e1
√
p1
Gm
(
− cos(f)R+ 2 + e1 cos(f)
1 + e1 cos(f)
sin(f)S
− e1 cot ι1 cos(ω1 + f)
1 + e1 cos(f)
W
)
,
dι1
dt
=
√
p1
Gm
cos(ω1 + f)
1 + e1 cos(f)
W,
dΩ1
dt
=
√
p1
Gm
sin(ω1 + f) csc(ι1)
1 + e1 cos(f)
W,
(3.17)
where
R = a · n,
S = a · λ,
W = a · h
(3.18)
are the vector components of the perturbation a pro-
jected onto the inner orbit’s basis.
The planetary equations are supplemented by an ad-
ditional sixth equation that converts between the true
anomaly f and time,
df
dt
=
√
Gmp1
r2
− dω1
dt
− dΩ1
dt
cos ι1, (3.19)
where the first term on the right-hand side is the usual
Keplerian expression and −ω˙1 − Ω˙1 cos ι1 is a post-
Keplerian correction.
The equations for the outer orbit are the same as
Eqs. (3.17)–(3.19), but with the substitutions m →
M , {f, p1, e1, ι1, ω1,Ω1} → {F, p2, e2, ι2, ω2,Ω2}, and
(R,S,W) → (R3,S3,W3), where (R3,S3,W3) = (A ·
N ,A · Λ,A ·H) are the vector components of the per-
turbation A as projected onto the outer orbit’s basis.
Eqs. (3.17) and (3.19) along with the outer orbit’s coun-
terpart equations are exact reformulations of Eqs. (3.4)
and (3.5).
From the planetary equations, one can see that inner
binary perturbations that scale as
a ∼ Gm
r2
kδ` (3.20)
generate orbital perturbations that scale as
de1
dt
∼ 1
PKin
kδ`, (3.21)
where PKin is the Keplerian orbital period. Similarly,
outer binary perturbations that scale as
A ∼ GM
R2
kδ` (3.22)
6generate orbital perturbations that scale as
de2
dt
∼ 1
PKout
kδ` =
1
PKin
(
M
m
)1/2
k+3/2δ`, (3.23)
where PKout is the Keplerian expression for the orbital
period.
Using first-order perturbation theory, the secular per-
turbations on the orbital elements are calculated by tak-
ing the orbit average of the planetary equations, with
constant orbital elements on the right-hand side:〈
dXα
dt
〉
t
≡ lim
T→∞
1
T
∫ T
0
dXα
dt
dt. (3.24)
We use α = 1, 2, ..., 10 to label the orbital elements. We
reserve the first five indices (1 ≤ α ≤ 5) for the inner
orbit’s elements and the last five (6 ≤ α ≤ 10) for the
outer’s. In the literature (e.g. Ref. [27]), this integral is
evaluated by using the double-orbit average approxima-
tion, which uses the fact that each term on the right-hand
side of Eq. (3.17) can be rewritten as a sum of products
whose factors depend periodically on either f or F in
addition to the orbital elements Xβ :
dXα
dt
=
∑
i
Ai(Xβ , f)Bi(Xβ , F ). (3.25)
With this factorization, the average can be approximated
assuming Pin  Pout. One first averages over the inner
orbit and then subsequently averages over the outer orbit
(while holding Xβ fixed),〈
dXα
dt
〉
t
≈
∑
i
1
Pin
∫ Pin
0
Aidt× 1
Pout
∫ Pout
0
Bidt
=
1
PinPout
∑
i
∫ 2pi
0
Ai
dt
df
df ×
∫ 2pi
0
Bi
dt
dF
dF.
(3.26)
The post-Keplerian corrections to (df/dt), (dF/dt), Pin
and Pout appearing in Eq. (3.19) generate cross-term or-
der effects and are not considered in first-order pertur-
bation theory.
Before evaluating Eq. (3.26), the factors Ai and Bi
can be simplified. By substituting Eqs. (3.15) and (3.16)
into Eq. (3.17), one can verify that Ai and Bi only de-
pend on the ascending nodes Ωi only through powers
of cos(∆Ω) and sin(∆Ω), where ∆Ω = Ω1 − Ω2. The
equations greatly simplify by setting ∆Ω = pi. The jus-
tification comes in two parts. First, one initially aligns
the reference direction eZ with the total orbital angu-
lar momentum so that ∆Ω = pi. Also with this choice,
Newtonian and 2BpN perturbations lead to Ω˙1 = Ω˙2
at all subsequent times. This simplification is different
from eliminating the nodes in the Hamiltonian, which can
lead to the incorrect equations of motion as discussed
in Ref. [24]. The simplification we describe here is ap-
plied directly to the equations of motion. We adopt the
node-eliminated simplified set of equations, but note that
the cross term perturbations in general lead to Ω˙1 6= Ω˙2.
However, our quadrupole-order evolutions (Sec. IV B) re-
sult in ∆Ω ≈ pi within 10%, which provides a rough con-
sistency check. Including corrections that depend on ∆Ω
is left to future work.
First-order perturbation theory is sufficient to calcu-
late Newtonian secular efforts up to order 5, or 1pN
secular effects of order δ. Second-order perturbation the-
ory is required to calculate mixed-order (δk) secular
effects that are generated from either lower-order peri-
odic (average-free) perturbations or post-Keplerian cor-
rections to (df/dt), (dF/dt), Pin and Pout. We refer to
these as the “indirect” 3BpN cross terms, in contrast
to secular effects that arise directly from the equations
of motion. To calculate these periodic variations, one
must solve for the instantaneous values of the elements
and integrate the planetary equations with respect to an
orbital phase. A few choices for the orbital phase in-
clude the true, eccentric, and mean anomalies. We use
a placeholder φ to represent whatever angle is used to
re-parametrize the planetary equations, which read,
Qα
(
Xβ , F (φ), f(φ)
) ≡ dXα
dφ
=
dXα
dt
dt
dφ
. (3.27)
The planetary equations for the inner binary [Eq. (3.17)]
can be organized as
X˙α =(X˙α)1pN + (X˙α)quad + (X˙α)3BpN, (3.28)
where each term on the right-hand side is due plugging in
a1pN, aquad, and a3BpN into Eq. (3.17), respectively. Due
to the scaling with δ and  for each of these accelerations
[Eqs. (3.8), (3.10), and (3.13)],(
X˙α
)
1pN
∼ δ
PKin
, (3.29a)(
X˙α
)
quad
∼ 
3
PKin
, (3.29b)(
X˙α
)
3BpN
∼ δ
k
PKin
. (3.29c)
For the outer binary [Eqs. (3.9) and (3.11)], the terms
scale as (
X˙α
)
1pN
∼ δ2
PKout
=
δ5/2
PKin
, (3.30a)(
X˙α
)
quad
∼ 
2
PKout
=
7/2
PKin
. (3.30b)
We also include post-Keplerian corrections to dt/dφ
[Eq. (3.19)],
dt
dφ
=
(
dt
dφ
)
K
+
(
dt
dφ
)
1pN
+
(
dt
dφ
)
quad
, (3.31)
where (dt/dφ)K is the Keplerian expression. Combining
Eqs. (3.28) and (3.31), we can write the re-parametrized
7planetary equations Qα up to 1pN-quadrupole order as
Qα =
(
X˙α
)
1pN
[(
dt
dφ
)
K
+
(
dt
dφ
)
quad
]
+
(
X˙α
)
quad
[(
dt
dφ
)
K
+
(
dt
dφ
)
1pN
]
+
(
X˙α
)
3BpN
(
dt
dφ
)
K
,
(3.32)
where the cross terms include(
X˙α
)
1pN
(
dt
dφ
)
quad
, (3.33a)
(
X˙α
)
quad
(
dt
dφ
)
1pN
, (3.33b)
(
X˙α
)
3BpN
(
dt
dφ
)
K
. (3.33c)
In addition to the above cross terms in Eq. (3.33), addi-
tional cross terms arise from lower-order periodic varia-
tions and corrections to the orbital periods Pin and Pout.
These additional cross terms can be calculated through
a multiple-scale analysis described in Sec. III C.
C. Multiple-scale analysis
The method of multiple scales provides a clear pro-
cedure for how to systematically calculate higher-order
secular effects due to lower-order periodic effects. We re-
fer the reader to Ref. [45] for a review of the method of
multiple scales and Refs. [27, 46, 47] for applications in
a post-Keplerian, two-body context. The multiple-scale
method has also been applied to post-adiabatic calcula-
tions in extreme-mass-ratio inspirals around Kerr black
holes [48, 49].
In a multiple-scale analysis of the planetary equa-
tions with two bodies, one introduces an additional long-
timescale variable, θ ≡ φ, to artificially separate the sec-
ular and average-free parts of the orbital elements with
the ansatzXα = X˜α(θ)+Wα(X˜β(θ), φ), where X˜α is the
slowly evolving secular part and Wα is the average-free
periodic part. Wα itself is expanded in a power series,
Wα = W
(0)
α + W
(1)
α + ..., which can then be used to
iteratively solve for X˜α to desired order.
To calculate cross terms in a three-body context, one
must consider perturbations by both relativistic effects
and orbital interaction effects. Thus, we introduce two
long-timescale variables θ ≡ φ and τ ≡ δφ such that
d
dφ
≡ ∂
∂φ
+ 
∂
∂θ
+ δ
∂
∂τ
. (3.34)
The slow changing variables θ and τ resolve changes
occurring over a quadrupole timescale and pN pericen-
ter precession timescale, respectively. The fast changing
variable φ describes changes occurring over an orbital pe-
riod. Practical considerations which inform our choice of
φ are discussed in Sec. III D.
We introduce an ansatz to Eq. (3.27) which reads
Xα(X˜β(θ, τ), φ) = X˜α(θ, τ) +Wα(X˜β(θ, τ), φ), (3.35)
where X˜β is the average (secular) part of Xα and Wα is
the average-free (periodic) part of Xα, defined as
〈A〉φ ≡ 1
2pi
∫ 2pi
0
A(θ, τ, φ) dφ, (3.36)
AF(A) ≡ A(θ, τ, φ)− 〈A〉φ, (3.37)
with θ and τ held fixed in the integral.
We expand the average-free part
Wα(X˜β , φ) =
∑
`,m=0
`δm W `mα (X˜β , φ), (3.38)
where 〈W `mα 〉φ = 0. Note that W 00α = 0 is chosen to
enforce constant orbital elements at zeroth order. We
substitute the ansatz [Eq. (3.35)] back into the planetary
equations [Eq. (3.27)] and separate the average part,
dX˜α
dφ
= 〈Qα〉φ , (3.39)
from the average-free part,
∞∑
`,m=0
`δm
∂W `mα
∂φ
+ `+1δm
∂W `mα
∂θ
+ `δm+1
∂W `mα
∂τ
= AF(Qα),
(3.40)
where the perturbations Qα are written in Eq. (3.32) and
we use
dX˜α
dφ
= 
∂X˜α
∂θ
+ δ
∂X˜α
∂τ
, (3.41)
in writing Eq. (3.39).
We also expand
Qα(X˜β +Wβ , φ) =
∞∑
n=0
1
n!
∂nQ(0)
∂X˜β ...∂X˜γ
Wβ ...Wγ , (3.42)
where the periodic parts Wα are written in Eq. (3.38),
repeated indices are summed over all 10 elements, and
Q(0) ≡ Q(X˜β , φ). (3.43)
The periodic parts Wα combine with perturbations Qα
according to Eq. (3.42) and generate cross terms.
Written above, Eqs. (3.39), (3.40), and (3.42) are the
central equations which can be iteratively solved to ob-
tain the secular evolution in terms of φ to desired order.
8To calculate the secular time evolution, one must use the
conversion
dX˜α
dt
=
dX˜α
dφ
〈
dφ
dt
〉
φ
, (3.44)
where the conversion factor 〈dφ/dt〉φ also includes post-
Keplerian corrections and combines with dX˜α/dφ to gen-
erate additional cross terms.
D. Discussion on orbit averages
Our discussion above is general as we did not specify
the short-timescale variable φ. To solve for the cross-
term contributions in Eq. (3.39) we must choose what
phase-like variable to use.
In principle, φ can be any phase-like variable character-
izing the inner or outer orbits. In practice, it is difficult
to explicitly write both F and f in terms of a single vari-
able φ. To address these difficulties, we choose φ = F
and average the perturbations Qα over the inner orbit,
using the assumption Pin  Pout. This expresses the
equations of motion in terms of F only:
Qα (Xβ , f, F ) =
dXα
dt
dt
dF
≈
〈
dXα
dt
dt
dF
〉
in
, (3.45)
where the inner-orbit average is
〈A〉in =
1
Pin
∫ 2pi
0
A (Xβ , f, F )
dt
df
df, (3.46)
with the inner period is defined as
Pin =
∫ 2pi
0
dt
df
df, (3.47)
holding F fixed. The orbit-average defined in Eq. (3.36)
when evaluated with Eq. (3.45) is also consistent with the
usual double-orbit average encountered in the literature
[Eq. (3.26)].
In the inner-orbit average [Eq. (3.46)], we include post-
Keplerian corrections to (dt/df) which combine with X˙α
to generate additional cross terms:
(X˙α)1pN
(
dt
df
)
quad
, (3.48a)
(X˙α)quad
(
dt
df
)
1pN
. (3.48b)
Cross terms also result from post-Keplerian corrections
to the orbital period:
P 1pNin =
∫ 2pi
0
(
dt
df
)
1pN
df, (3.49a)
P quadin =
∫ 2pi
0
(
dt
df
)
quad
df, (3.49b)
which are order δ [Eq. (3.49a)] and 3 [Eq. (3.49b)] be-
yond the Keplerian period PKin . Collecting the post-
Keplerian corrections, the perturbations Qα can be writ-
ten up to 1pN-quadrupole order as
Qα(Xβ , F ) = (Qα)1pN + (Qα)quad + (Qα)3BpN, (3.50)
where
(Qα)quad =
1
PKin
∫ 2pi
0
(
X˙α
)
quad
(
dt
df
)
K
(
dt
dF
)
K
df,
(Qα)1pN =
1
PKin
∫ 2pi
0
(
X˙α
)
1pN
(
dt
df
)
K
(
dt
dF
)
K
df,
(3.51)
(Qα)3BpN =
1
PKin
∫ 2pi
0
[(
X˙α
)
3BpN
(
dt
df
)
K
(
dt
dF
)
K
+
(
X˙α
)
1pN
(
dt
df
)
quad
(
dt
dF
)
K
+
(
X˙α
)
quad
(
dt
df
)
1pN
(
dt
dF
)
K
+
(
X˙α
)
1pN
(
dt
df
)
K
(
dt
dF
)
quad
+
(
X˙α
)
quad
(
dt
df
)
K
(
dt
dF
)
1pN
]
df
− P
1pN
in(
PKin
)2 ∫ 2pi
0
[(
X˙α
)
quad
(
dt
df
)
K
(
dt
dF
)
K
]
df − P
quad
in(
PKin
)2 ∫ 2pi
0
[(
X˙α
)
1pN
(
dt
df
)
K
(
dt
dF
)
K
]
df,
(3.52)
where the last two terms are from post-Keplerian correc-
tions to Pin.
The leading mixed-order secular terms in (Qα)3BpN
come from taking the orbit average 〈(Q(0)α )3BpN〉F. Ad-
ditional cross terms arise the interaction of (Qα)1pN and
(Qα)quad with periodic variations Wα [Eq. (3.42)].
9A multiple-scale analysis of the single-orbit-averaged
equations accounts for average-free perturbations peri-
odic with F but neglects those periodic with f . We
leave an investigation of the average-free f -periodic vari-
ations to future work, but point out that the single-orbit-
averaged equations have been shown to agree well with
N -body integrations in the Newtonian test-particle limit
(m2  m) [50].
The leading periodic parts are W 01α and W
30
α for the
inner binary and W
5
2 1
α and W
7
2 0
α for the outer binary.
This can be shown by combining Eqs. (3.29), (3.30) and
(3.45), which leads to the expansions
(
Qα
)
1pN
=
(
Q(0)α
)
1pN
+
5∑
β=1
∂
(
Q
(0)
α
)
1pN
∂X˜β
W 30β
+
10∑
β=6
∂
(
Q
(0)
α
)
1pN
∂X˜β
W
7
2 0
β ,
(3.53)
(
Qα
)
quad
= (Q(0)α )quad +
5∑
β=1
∂
(
Q
(0)
α )quad
∂X˜β
W 01β
+
10∑
β=6
∂
(
Q
(0)
α )quad
∂X˜β
W
5
2 1
β ,
(3.54)
where the lowest-order periodic parts are,
W 30α =
∫ F
0
AF((Q(0)α )quad)dF ′ + C, (3.55)
W 01α =
∫ F
0
AF((Q(0)α )1pN)dF ′ +D, (3.56)
1 ≤ α ≤ 5, (3.57)
for the inner binary, and
W
7
2 0
α =
∫ F
0
AF((Q(0)α )quad)dF ′ + E, (3.58)
W
5
2 1
α =
∫ F
0
AF((Q(0)α )1pN)dF ′ +H, (3.59)
6 ≤ α ≤ 10, (3.60)
for the outer binary. The integration constants
C,D,E,H are determined by 〈W `mα 〉F = 0 and are iden-
tical to those in Eq. (B11) in Ref. [49].
The total 3BpN secular contribution is
(
dX˜α
dF
)
3BpN
=
〈
5∑
β=1
(
∂(Q
(0)
α )1pN
∂X˜β
W 30β +
∂(Q
(0)
α )quad
∂X˜β
W 01β
)
+
10∑
β=6
(
∂(Q
(0)
α )1pN
∂X˜β
W
7
2 0
β +
∂(Q
(0)
α )quad
∂X˜β
W
5
2 1
β
)
+ (Q(0)α )3BpN
〉
F
.
(3.61)
The first two terms on the right-hand side of Eq. (3.61)
are from periodic variations of the inner orbit’s elements.
The third and fourth terms are from periodic variations
of the outer orbit’s elements. The last term is directly
from the equations of motion a3BpN and from corrections
to (dt/df), (dt/dF ), Pin, and Pout [Eq. (3.52)].
In App. A we present the cross terms as an average
time derivative using Eq. (3.44). With φ = F , and con-
verting between F and t,
dX˜α
dt
=
dX˜α
dF
〈
dF
dt
〉
F
=
dX˜α
dF
2pi
Pout
. (3.62)
The outer orbital period Poutcan be calculated with the
single-orbit average approximation [Eq. (3.46)] as
Pout ≡ 2pi
〈
dt
dF
〉
F
=
2pi∫
0
(
dt
dF
)
dF ≈
2pi∫
0
〈
dt
dF
〉
in
dF.
(3.63)
We take into account leading-order corrections to Pout
from the standard corrections to (dt/dF ) [Eq. (3.19)] and
also periodic variations in (dt/dF ).
IV. EFFECTS OF THIRD-BODY 1PN CROSS
TERMS DUE TO A SMBH
A. Dominant cross terms around a SMBH
For completeness, we keep cross terms of all powers
in (m/M) in the derivation in Sec. III, but we work on
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FIG. 2. Estimated regions in (a1, a2) in parameter space where 3BpN cross terms are expected to be significant in hierarchical
triples with a SMBH. Each line is found by equating the timescales (or scaling magnitudes X`m) of various effects. The
descriptions corresponding to each line describe the relative timescale of two secular effects in the region to the right of the
line. For example, the solid red line (Quad < 1pN) marks where the quadrupole (LK) and inner 1pN precession effects operate
on the same timescale; to the right of this line (for larger a1, smaller a2) LK effects dominate over 1pN precession in the inner
binary (using criterion from Ref. [51]). We shade the region of secular parameter space where the de Sitter (dS) cross terms
are at least comparable to both 1pN precession and octupole (Oct) effects, and also where the librating cross terms (LB) are
at least comparable to octupole effects.
the assumption that the inner binary’s mass is small rel-
ative to the total mass [Eqs. (3.6) and (3.7)]. In this
Section, we closely examine the dominant cross term ef-
fects when mM and locate regions in parameter space
where their effects become significant in triples undergo-
ing strong LK oscillations.
We are in particular interested in how the dominant
three-body 1pN (3BpN) cross terms interact with other
secular effects, including the two-body 1pN (2BpN),
quadrupole, and octupole terms. The conventional pic-
ture is that 1pN pericenter precession in the inner binary
will quench eccentricity growth if the timescale for pre-
cession is much shorter than that of quadrupole (LK)
effects [30, 52].
However, in some cases, inner 1pN effects can instead
stimulate eccentricity growth. Refs. [23] and [29] demon-
strate heightened resonant-like eccentricity excitation if
the inner orbit’s 1pN precession timescale is comparable
to the Newtonian (quadrupole and octupole) timescales.
Given this resonant-like behavior between the inner 1pN
and Newtonian terms, it may be unsurprising if the 3BpN
cross terms also lead to resonant-like behavior when their
effective timescale approaches that of inner 1pN or New-
tonian effects.
The mixed-order (δk) cross terms are higher order
than the inner 1pN (δ) terms. But as q = M/m increases,
so does the relative strength of cross terms which scale
with positive powers of q. We consider the contribution
of the cross terms relative to the inner 1pN precession
effect,
(
dω1
dt
)
1pN
=
G3/2m3/2
c2a
5/2
1 (1− e21)
∼ δ
Pin
, (4.1)
such that the total contribution from all cross terms reads(
dXα
dt
)
3BpN
=
δ
Pin
∑
`,m
fα`m X`m, (4.2)
where f `mα contains numerical factors of order unity and
factors including ej , ωj , ιj . The scaling magnitude,
X`m =
(
M
m
)`(
a1
a2
)m
, (4.3)
can be used as an estimate for which cross terms will be
dominant or subdominant given an initial set of triple
parameters. Since the semi-latus rectum has dimensions
of length, we compensate by defining fp1`m with an ad-
ditional factor of p1 so that a given perturbation leads
to the same scaling factor X`m across all elements. The
inner 1pN precession term [Eq. (4.1)] has a scaling mag-
nitude of X00 = 1.
We compare the cross-term scaling magnitudes for
a generic hierarchical triple system with m1 = m2 =
25M,m3 = 4 × 106M, and initial semi-major axes
a1 = 1 AU and a2 = 2000 AU. For a wide portion of
parameter space, when mM , the dominant 3BpN ef-
fect on the inner binary is the geodetic (de Sitter-like)
precession of the inner orbit’s vectors, e1 and j1, as they
are parallel transported around the SMBH. This de Sitter
cross term, which comes directly from the EIH equations
(a3BpN), induces the orbital element ω¯1 ≡ ω1 + Ω1 cos ι1
to precess at the rate
(dω¯1
dt
)
3BpN
=
G3/2(4m+ 3m3)m3
2M1/2c2a
5/2
2 (1− e22)
cos ι, (4.4)
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and has a scaling magnitude X 3
2
5
2
= 0.13, ignoring
smaller corrections proportional to X 1
2
5
2
= 10−5X 3
2
5
2
.
For the same initial parameters, the second dominant
cross term effect perturbs the pericenter at a rate(dω1
dt
)
3BpN
=
15G3/2m3m
4M1/2a1a
3/2
2 c
2
e21(1 + `2 − 2`22)
`21(1 + `2)
×
(
cos ι cos 2ω1 cos 2ω2 +
1 + cos2 ι
2
sin 2ω1 sin 2ω2
)
,
(4.5)
where `1 =
√
1− e21 and `2 =
√
1− e22, and has a scaling
magnitude X 1
2
3
2
= 3× 10−3. In isolation, the cross term
effect in Eq. (4.5) will lead to bounded oscillations in ω1.
For this reason we refer to Eq. (4.5) as the “libration”
cross term. The term arises from the interaction of the
inner 1pN precession with outer quadrupole effects. Note
that if the 1pN-binary precession [Eq. (4.1)] is dominant,
the libration cross term will average out.
The third dominant cross terms arise from the inter-
action of inner quadrupole effects with the outer 1pN
precession. Unlike the previous two cross terms, these
perturbations affect all inner orbital elements, and are
presented in App. A; as an example, we write the per-
turbation on eccentricity below:
(de1
dt
)
3BpN
=
15G3/2M2a
3/2
1
32c2m1/2a42
e1`1
`72
(
e22`
2
2
[
(3 + cos 2ι) cos 2ω2
× sin 2ω1 − 4 cos ι cos 2ω1 sin 2ω2
]− ge2 sin2 ι sin 2ω1)
(4.6)
where
ge2 = 6(8 + 3e
2
2 + 4e
4
2). (4.7)
These effects have scaling magnitude X24 = 4×10−4, and
are the leading relativistic corrections to the quadrupole
effect. Therefore, we call terms that scale as X24 as
“relativistic-LK” cross terms. The scaling X24, suggests
that the relativistic-LK cross terms will surpass the li-
bration cross terms in magnitude when q > −5/3. Other
cross terms besides those written in Eqs. (4.4)–(4.6) are
negligible with scaling magnitudes X31,X20 ≤ 10−5.
Although the scaling magnitudes X`m quoted above
are specific to a system with initial parameters
(a1, a2,m,M) = (1AU, 10
4AU, 50M, 4 × 106M), the
general conclusion is the same in much of parameter
space: the de Sitter, libration, and relativistic-LK cross
terms [Eqs. (4.4)–(4.6)] represent the dominant relativis-
tic three-body secular effects. For the remainder of the
paper, we focus on the effect of these three dominant
cross terms and neglect other subdominant cross terms.
Inspired by recent direct detections made by LIGO,
we choose m1 = 30M and m2 = 20M. As the mass
ratio q increases, so does the region of (a1, a2) parame-
ter space where cross terms are expected to be signif-
icant. When q >∼ 107, the resolution required to re-
solve quadrupole effects becomes computationally bur-
densome, as the quadrupole timescale goes as
√
m/M
[29].
Given the masses and initial eccentricities, we can iden-
tify regions in parameter space where the cross terms
are significant by comparing timescales for various effects
(Fig. 2). Our primary interest lies in triples where the
LK effects may lead to eccentricity growth, so we demand
that the inner 1pN precession not squash LK effects (c.f.
Eq. (10) in Ref. [51]). Another constraint we impose is
that the GW timescale is longer than the LK timescale
(c.f. Eq. (31) in Ref. [33]). We must also stay in the re-
gion of parameter space where the secular approximation
is valid. We use the criterion from Ref. [53] and restrict
our initial parameters assuming the maximum eccentric-
ity achieved is e1 = 0.99. This limit is somewhat arbi-
trary, since we also verify the secular criterion for each
evolution a posteriori. Finally, we estimate where the de
Sitter precession rate exceeds the inner 1pN prececssion
rate, and where the librating cross term exceeds the oc-
tupole terms. We set m3 = 2×107 M and e2 = 0.8, and
leave a wider exploration of parameter space and larger
m3 to future work.
B. Case study
In this section, we discuss two examples of resonant-
like behaviors induced by the 3BpN terms. We demon-
strate the effect of these behaviors by comparing evo-
lutions: one with and without 3BpN cross terms. We
restrict our attention to the three dominant cross-term
effects discussed in Sec. IV A and initially neglect oc-
tupole effects and GW dissipation. Later in Sec. IV C
we discuss the 3BpN effects conjunction with octupole
effects and GW dissipation.
In Fig. 3, we plot the various parametrized trajectories
in phase space each with the same initial value for
`z =
√
1− e21 cos ι. (4.8)
When only including quadrupole and 2BpN effects, `z is
a constant of motion in the test-particle limit (m2 → 0).
Although we work outside the test-particle limit, we con-
sider systems where the ratio of inner to outer angular
momentum is sufficiently small L1/L2 ∼ 0.008 so that
`z is still nearly constant [24]. Since `z is nearly con-
stant, the trajectories are closed and exhibit either libra-
tion or circulation (see Ref. [52] for a review). Circulat-
ing trajectories are those for which ω1 spans all values
in (0, 2pi), increasing or decreasing monotonically with
time. Librating trajectories are those for which ω1 spans
a subset of (0, 2pi), oscillating with a constant amplitude
about the fixed point. The separatrix is the trajectory
separating the two types of behavior.
The cross terms lead to the thickening of both librat-
ing and circulating phase space trajectories. This is due
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FIG. 3. Three-body 1pN (3BpN) effects for a librating sys-
tem, including quadrupole (Quad), inner and outer 1pN pre-
cessions (2BpN), and 3BpN effects. We plot trajectories in
(ι1, ω1) phase space (top) and (e1, ω1) phase space (bottom)
for a triple with (m1,m2,m3) = (30M, 20M, 2 × 107M),
e2 = 0.8, and (a1, a2) = (0.10 AU, 209.84 AU). Each trajec-
tory is initialized with ω1 = 90
◦, ω2 = 282.27◦, Ω1 = 192.5◦,
and Ω2 = 12.5
◦ but with different initial e1 and ι1 such that
`z =
√
1− e1 cos ι1 = −0.6593. In the limit that m/M  1
and a1/a2  1, when only considering 2BpN and quadrupole
effects, the z-component of the angular momentum of the in-
ner binary `z [Eq. (4.8)] is nearly constant (left). As a result,
all trajectories are closed and either exhibit circulation or li-
bration. 3BpN effects lead to thickening of the phase space
trajectories. For librating trajectories inside the separatrix,
3BpN effects can significantly modulate the the amplitude of
LK cycles, filling nearby regions of phase space (blue). The
time evolution of the blue trajectory is plotted in Fig. 4. Tra-
jectories near the separatrix switch between librating and cir-
culating (red).
to cross-term induced oscillations in the Newtonian-order
angular momentum expression, which causes `z to oscil-
late. A similar cross-term effect is described in Ref. [35].
As `z oscillates in time, the triple’s trajectory in phase
space migrates through multiple nearby “closed” tra-
jectories corresponding to different initial `z. For tra-
jectories near the separatrix, this causes the system to
switch between circulation and libration (red trajectory
in Fig. 3). We note that a similar effect can be seen in
triples where the octupole terms have a strong influence
on the dynamics (c.f. Fig. 4 in Ref. [23]), but is identified
here due to the influence of cross terms.
Maximal eccentricity growth in the inner binary oc-
curs when 3BpN effects are comparble to 2BpN effects
in magnitude. Fig. 3 (blue trajectory) shows an exam-
ple of this behavior in phase space. The addition of
cross terms significantly thicken the librating trajectory,
completely filling the interior region. The evolution over
time for the same system is shown in Fig. 4 (top panel).
The amplitude of LK oscillations in e1, ι1, ω1 changes as
`z modulates about its initial value and is larger when
`z(t) < `z(0) and smaller when `z(t) > `z(0). We find
that the opposite is true for retrograde systems.
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FIG. 4. Evolution of a triple system exhibiting the 3BpN
librating resonance. We plot the time evolution (top) includ-
ing quadrupole and 2BpN effects (red), and the time evolu-
tion including quadrupole, 2BpN, and 3BpN effects (blue) on
the inner binary. With 3BpN effects, the angular momentum
component `z oscillates about its initial value. This induces
modulations in the amplitude of LK oscillations in e1, ι1, and
ω1, which reach a maximum when `z is at a maximum (e.g.
near t = 350 yr). We also show the instantaneous magni-
tudes of quadrupole, 2BpN and all 3BpN perturbations on e˙1
[Eq. (4.9)] in units of yr−1 (bottom).
In Fig. 4 (bottom panel), we also plot the individual
contribution from each effect towards the perturbation
on the inner binary’s orbital vector,∣∣∣∣de1dt
∣∣∣∣ = ∣∣∣∣d(e1n)dt
∣∣∣∣ (4.9)
where n is the unit vector pointing towards the pericen-
ter [Eq. (3.15)]. The three dominant perturbations on
the inner binary are from the quadrupole (“Quad”), in-
ner 1pN precession (“2BpN”), and de Sitter precession
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FIG. 5. Three-body 1pN (3BpN) effects for a circulating sys-
tem, including quadrupole (Quad),inner and outer 1pN pre-
cessions (2BpN), and 3BpN effects. We plot trajectories in
(ι1, ω1) phase space (top) and (e1, ω1) phase space (bottom)
for a triple with (m1,m2,m3) = (30M, 20M, 2 × 107M),
e2 = 0.8, and (a1, a2) = (0.94 AU, 191.86 AU). Each tra-
jectory is initialized with ω1 = 90
◦, ω2 = 120◦, Ω1 = 89.1◦,
and Ω2 = 269.1
◦ but with different initial e1 and ι1 such that
`z =
√
1− e1 cos ι1 = 0.4449. For circulating trajectories out-
side the separatrix, 3BpN effects can significantly modulate
the the amplitude of the LK cycles, filling nearby regions of
phase space (blue). The time evolution of the blue trajectory
is plotted in Fig. 6. Trajectories near the separatrix switch
between librating and circulating (red).
.
(“dS”). We find that significant modulations only oc-
cur, however, when including the relativistic-LK effect
[Eq. (4.6)]. The period of LK oscillations is about 10 yr,
while the cross-terms induce coherent modulations to the
LK oscillations with a period of about 700 yr. Through-
out the evolution, the dS cross terms exceed the 2BpN
perturbations, ∣∣∣∣de1dt
∣∣∣∣
dS
>
∣∣∣∣de1dt
∣∣∣∣
1pN
. (4.10)
In general, we find that in systems where Eq. (4.10) is
true at some point, there is non-trivial addition of the
3BpN and 2BpN effects leading to resonant-like modu-
lations resembling Fig. 4. On the other hand, when the
cross terms are always subdominant to 2BpN terms, the
modulations are suppressed.
In Fig. 5, we show an example of a second resonant-like
effect for circulating trajectories. Similar to the librat-
ing behavior, the phase space trajectory is substantially
thickened so the system spans a larger range of incli-
nation and eccentricity. However, unlike the librating
effects, the circulating trajectory undergoes LK oscilla-
tions where the mean eccentricity changes with `z and the
LK oscillation amplitude is roughly constant (Fig. 6, top
panel). During the peaks in the LK oscillations, the dS
and 1pN perturbations can exceed the quadrupole per-
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FIG. 6. Evolution of a triple system exhibiting the 3BpN
circulating resonance. We plot the time evolution includ-
ing quadrupole and 2BpN effects (red line, top), and the
time evolution including quadrupole, 2BpN, and 3BpN ef-
fects (blue line, top). We also show the instantaneous mag-
nitudes of quadrupole, 2BpN and all 3BpN perturbations on
e˙1 [Eq. (4.9)] in units of yr
−1.
turbations, so that
∣∣∣∣de1dt
∣∣∣∣
1pN
>
∣∣∣∣de1dt
∣∣∣∣
quad
and
∣∣∣∣de1dt
∣∣∣∣
dS
>
∣∣∣∣de1dt
∣∣∣∣
quad
.
(4.11)
For the system plotted in Fig. 6 (bottom panel), this
occurs during the high-eccentricity phase of the modula-
tions, when `z < `z(0).
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in the LIGO band e1,LIGO, and the merger time tmerge for evolutions with and without 3BpN effects (left). We also plot the
change in each quantity after adding 3BpN effects (right). For systems with moderate inclinations 35◦ <∼ ι0 <∼ 75◦, 3BpN
effects lead to enhanced eccentricities up to e1,max <∼ 0.99, creating a “shoulder”-like cluster in the final distribution. In these
systems, the interaction of octupole and 3BpN effects lead to large modulations in the LK oscillations that significantly increase
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above with a green dot.
C. 3BpN effects on a population of triples
To study how 3BpN perturbations systematically af-
fect a population of triples, we focus on the region of
parameter space described in Fig. 2, where 3BpN effects
are expected to be significant. We generate initial sepa-
rations for 10,000 triples by sampling a log-uniform dis-
tribution within this (a1, a2) region and set e2 = 0.8,
m1 = 30M, m2 = 20M and m3 = 2× 107M. For the
inner eccentricity we assume an initially thermal distribu-
tion, uniform in e21. We also assume an initially isotropic
distribution so that Ω1, ωj , cos ιj are uniformly sampled
across all possible values. For each evolution we include
quadrupole, octupole, and two-body 1pN secular effects
on the inner and outer binary, as well as GW dissipation
in the inner binary. We evolve each system twice — with
and without 3BpN cross terms. We integrate the secu-
lar equations using GSL, which implements the explicit
Dormand-Prince (8,9) method with adaptive timesteps
[54]. We ensure that numerical errors do not impact our
overall conclusions by comparing evolutions with differ-
ent error tolerances, rel =
(
10−15, 10−12
)
, which control
the timestep.
As the inner binary shrinks due to GW dissipation, it
eventually enters a GW-dominated regime and decouples
from the outer orbit. We integrate each system until the
Keplerian orbital frequency reaches forb = 5 Hz, approx-
imately corresponding to a gravitational wave frequency
of 10 Hz, the lower edge of the LIGO sensitivity range,
after which we consider the system “merged”. For the
masses we consider, this occurs when
a1 =
(
Gm
f2orb
)1/3
= 4.3× 10−5 AU = 44 Rg, (4.12)
where Rg = 2Gm/c
2 is the gravitational radius. All sys-
tems in our population merge before a Hubble time,
tmerge < tH = 1.38× 1010 yr, (4.13)
which is expected given that the timescale for GW dissi-
pation is [55]
tGW =
a1
|〈da1/dt〉GW|
=
5
64
c5
G3
a41(1− e1)7/2
m1m2m
= 4.3× 109 yr×
( a1
0.1AU
)4 (
1− e21
)7/2
.
(4.14)
For systems that achieve large eccentricities through the
LK resonance, e1 >∼ 0.9, the merger timescale can de-
crease by up to three orders of magnitude. When ec-
centricity is very large, e1,max >∼ 0.999, the evolution be-
comes non-secular, which we identify using the criterion
from Ref. [53]. We neglect these non-secular evolutions
in our analysis, which account for 4.0% of all runs.
In Fig. 7, we compare the effect of 3BpN terms on
the maximum eccentricity e1,max, the merger time tmerge,
and the residual eccentricity upon entering the LIGO fre-
quency band eLIGO as a function of initial inclination.
We define eLIGO as the eccentricity when the frequency
of the peak GW harmonic reaches 10 Hz:
fGW =
2forb(1 + e1)
1.1954
(1− e21)3/2
= 10 Hz. (4.15)
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We also plot the fractional change in merger time defined
as
∆tmerge
〈tmerge〉 =
t3BpNmerge − t2BpNmerge
1
2
(
t3BpNmerge + t
2BpN
merge
) . (4.16)
When including 3BpN effects, a “shoulder”-like cluster
in the maximum eccentricity distribution appears around
0.95 <∼ e1,max <∼ 0.99 for systems with initially mod-
erate inclinations 35◦ <∼ ι0 <∼ 75◦, where ι0 is the ini-
tial mutual inclination. In these systems, the 3BpN ef-
fects lead to a preferential increase in e1,max and e1,LIGO,
and decrease in tmerge. This effect is strongest when the
2BpN and 3BpN (de Sitter) perturbations can briefly ex-
ceed the quadrupole perturbations [Eq. (4.11)]. The re-
sulting behavior resembles the effects shown in Fig. 6,
where coherent perturbations to the LK oscillations oc-
cur with some characteristic amplitude and frequency.
For these coherent perturbations to occur, the de Sitter
term [Eq. (4.4)] must be the largest cross term, followed
by the relativistic-LK terms [Eq. (4.6)],∣∣∣∣de1dt
∣∣∣∣
RLK
<
∣∣∣∣de1dt
∣∣∣∣
dS
∼
∣∣∣∣de1dt
∣∣∣∣
1pN
<∼
∣∣∣∣de1dt
∣∣∣∣
quad
. (4.17)
Including the octupole terms can enhance the 3BpN
effects and lead to larger eccentricities than with
quadrupole terms alone. We show an example of this in
Fig. 8, also plotted with a green dot in Fig. 7. Initially,
the system undergoes LK oscillations with a period of
about 5 yr. During the first few LK cycles, the eccentric-
ity oscillates between 0.2 < e1 < 0.8, while the inclina-
tion oscillates between 39◦ < ι1 < 60◦. The 3BpN cross
terms induce periodic modulations to the LK oscillations
(similar to Fig. 6) that occur over a period of about
300 yr. Over longer timescales around 0.05−0.1 Myr, the
octupole terms interact with the 3BpN cross terms lead-
ing to cycles of enhanced eccentricity growth, reaching
up to e1,max = 0.986. Eventually, the 2BpN precession
arrests these octupole modulations near a phase of high
eccentricity (around t ≈ 3.6 × 105 yr) and the system
transitions into a GW-dominated regime.
For highly inclined systems 80◦ <∼ ι0 <∼ 100◦, the
coherent modulations cease to be coherent if the rela-
tive ordering of the various cross terms is different from
Eq. (4.17). For instance, if the maximum eccentricity
is sufficiently large e1,max >∼ 0.99, the libration cross
terms, which go as e1`
−2
1 [Eq. (4.5)], can become sig-
nificant. In these systems, the cross terms lead to a sys-
tematic suppression of eccentricity growth and delayed
merger times (Fig. 7). For moderately retrograde sys-
tems 120◦ <∼ ι0 <∼ 160◦, the 2BpN and 3BpN perturba-
tions approach the quadrupole perturbations in magni-
tude, resulting in modulations with no characteristic am-
plitude or frequency. Although these systems may reach
large eccentricities, where e1,LIGO > 10
−3 (Fig. 7), the
long-term evolutions for these systems do not converge
with our current code, unlike the coherent modulations
observed in systems with initially moderate prograde in-
clinations (Fig. 8). We leave further investigation of these
non-coherent behaviors to future work.
V. DISCUSSION
In this paper we derived and investigated three-body
post-Newtonian (3BpN) secular effects in hierarchical
triples containing a SMBH. We expanded the Lagrange
planetary equations to 1pN-octupole order with a two-
parameter perturbative expansion in the pN parame-
ter δ = v/c and the ratio of semi-major axes  =
a1/a2. Using a multiple scales method, we derived secu-
lar 3BpN terms that can significantly change the evolu-
tion of the inner binary. Upon request, we will provide a
Mathematica notebook that contains a complete deriva-
tion.
When the mass of the inner binary is relatively small
(m  M), three dominant 3BpN effects emerge. The
main effect is the de Sitter precession (dS), which paral-
lel transports the inner orbit’s angular momentum vec-
tor along its path around the tertiary. Other dominant
effects include 1pN corrections to LK oscillations and
three-body corrections to relativistic precession. While
the dS term comes directly from the EIH equations, the
other 3BpN terms arise from the interaction of lower-
order perturbations and can be derived with a multiple-
scale analysis.
For a population in the parameter space where 3BpN
effects are expected to be important, we found system-
atic eccentricity growth for systems with initially mod-
erate inclinations. The 3BpN effects altered the evolu-
tion of these triples by inducing coherent modulations
in the quadrupole LK oscillations, which led to a larger
range in eccentricity and inclination. The octupole terms
enhanced the 3BpN effects inducing greater eccentric-
ity growth, and caused systems to merge more rapidly
through GW dissipation. At high inclinations, the mod-
ulations become less coherent, with varying amplitude
and frequency, and can suppress eccentricity growth.
With orbit-averaged methods, one can only get an es-
timate on the merger times and eccentricities. It would
also be insightful to compare results from this analysis
with integrations from N -body codes that include all
3BpN effects. Given the rich and complex behavior we
observe in this analysis, further work is warranted to fully
explore the implications of relativistic three-body effects
in hierarchical triples.
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Appendix A: Appendix
We present the all the three-body pN secular
terms through 1pN-quadrupole order (3/c2) for general
masses. We also present the 1pN-octupole order (4/c2)
terms to lowest order in (m/M).
Since the equations are lengthy, we organize their pre-
sentation by distinguishing the direct cross terms which
come directly from a3BpN, from the indirect terms which
come from the interaction of lower-order corrections to
(dt/df), (dt/dF ), Pin, Pout, and periodic average-free per-
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turbations Wα. The equations are written in terms the total inclination
ι = ι1 + ι2 and ι1.
1. Direct cross terms
The direct cross terms come directly from a3BpN [Eq. (3.13)] inserted into the planetary equations [Eq. (3.17)–
(3.19)], which are then orbit averaged [Eq. 3.26] using the Keplerian-order expressions for (dt/df), (dt/dF ), Pin and
Pout:
dX˜α
dt
=
1
PKout
2pi∫
0
1
PKin
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a. 1pN-quadrupole order terms
dp1
dt
=
33e21G
3/2
√
mm3p
3/2
1 `
3
2 sin
2(ι) sin(2ω1)
4c2p32`
2
1
(A2)
de1
dt
=
3G3/2
√
mm3
√
p1(`1 − 1)2`32 sin2(ι) sin(2ω1)(`1((12η − 23)`1 − 22)− 11)
8c2e31p
3
2
(A3)
dι1
dt
=
33e21G
3/2
√
mm3
√
p1`
3
2 sin(2ι) sin(2ω1)
16c2p32`
2
1
(A4)
dω1
dt
=− G
3/2m3(4m+ 3m3)`
3
2 csc ι1 sin ι2
2c2
√
Mp
5/2
2
(A5)
+
G3/2m3`
3
2 csc(ι1)
√
mp1
32c2e41p
3
2`
2
1
(
2(`1 − 1)2`21 sin(ι1)((10η − 11)(`1 + 1)2(3 cos(2ι) + 1)− 6 sin2(ι) cos(2ω1)
× (−6η + `1(6η(`1 − 2) + 5`1 + 34) + 17))− 6e41 sin(2ι) cos(ι1)(−11e21 cos(2ω1) + (4η − 5)`21 + 11)
)
dΩ1
dt
=− G
3/2m3(4m+ 3m3)`
3
2 csc ι1 sin ι
2c2
√
Mp
5/2
2
(A6)
+
3G3/2
√
mm3
√
p1`
3
2 sin(2ι) csc(ι1)(−11e21 cos(2ω1) + (4η − 5)`21 + 11)
16c2p32`
2
1
b. 1pN-octupole order terms
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2. Indirect cross terms due to corrections to (dt/df), (dt/dF ), Pin, and Pout
These cross terms come from 1pN and quadrupole corrections to (dt/df), (dt/dF ), Pin, and Pout, which combine
with perturbations from aquad and a1pN.
a. Cross terms from (dt/dF )1pN × (X˙α)quad
These cross terms come from 1pN corrections to (dt/dF ) which combine with (X˙α)quad:
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b. Cross terms from (dt/dF )quad × (X˙α)1pN
These cross terms come from quadrupole corrections to (dt/dF ) which combine with (X˙α)1pN:
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c. Cross terms from (dt/df)1pN × (X˙α)quad
These cross terms come from 1pN corrections to (dt/df) which combine with (X˙α)quad:
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d. Cross terms from (dt/df)quad × (X˙α)1pN
These cross terms come from quadrupole corrections to (dt/df) which combine with (X˙α)1pN:
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e. Cross terms from P 1pNin × (X˙α)quad
These cross terms come from 1pN corrections to Pin which combine with (X˙α)quad:
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where above we expanded 1/Pin [Eq. (3.45)] to linear order in P
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in and
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There are no contributions to P 1pNin due to periodic perturbations since P
K
in only depends on the elements e1 and p1,
which are not perturbed at 1pN order. P 1pNin does not depend on F and can be factored outside the outer orbit integral
[Eq. (A32)]. As a result, these cross terms are equal to the usual secular quadrupole terms times a multiplicative
factor:
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where the secular quadrupole terms can be found in the literature (e.g. Refs. [49, 56]).
f. Cross terms from P quadin × (X˙α)1pN
These cross terms come from quadrupole corrections to Pin which combine with (X˙α)1pN:
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where above we expanded 1/Pin [Eq. (3.45)] to linear order in P
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The periodic contributions average to zero, so the only correction comes from (dt/df)quad, leading to
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g. Cross terms from P 1pNout × (X˙α)quad
These cross terms come from 1pN corrections to Pout which combine with (X˙α)quad:
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These cross terms are equal to the usual secular quadrupole terms times a multiplicative factor:
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h. Cross terms from P quadout × (X˙α)1pN
These cross terms come from quadrupole corrections to Pout which combine with (X˙α)1pN:
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These cross terms are equal to the usual secular quadrupole terms times a multiplicative factor:
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3. Indirect cross terms due to periodic 1pN perturbations
These cross terms come from average-free, periodic 1pN perturbations which combine with perturbations from
aquad. The inner binary periodic perturbations do not generate secular effects,
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The outer binary periodic perturbations generate secular effects which read
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a. Cross terms from periodic 1pN effects on the outer binary
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H`2 ≡ 8M2(2− 5`22) +mm3(7 + `22) (A53)
K`2 ≡ 4M2(12 + 7`22) +mm3(−65 + 21`22) (A54)
L`2 ≡M2(−80 + 52`22) +mm3(51− 23`22). (A55)
4. Indirect cross terms due to periodic quadrupole perturbations
These cross terms come from average-free, periodic quadrupole perturbations which combine with perturbations
from a1pN. The secular effects from periodic perturbations on the inner binary are
dX˜α
dt
=
1
PKout
2pi∫
0
5∑
β=1
W 30β
∂(Q
(0)
α )1pN
∂X˜β
dF, (A56)
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and on the outer binary are
dX˜α
dt
=
1
PKout
2pi∫
0
10∑
β=6
W
7
2 0
β
∂(Q
(0)
α )1pN
∂X˜β
dF. (A57)
We find that only ω1 is affected, with no secular effects on the other elements.
a. Cross terms from periodic quadrupole effects on the outer binary
dω1
dt
=
9ηG3/2m3/2
32c2e42
√
p1p22`1`
2
2
(
`62(`
2
1(7A
2
1 − 43A24 − 36) + 60) + `42(3`21(13A21 + 31A24 + 44)− 220)− 3`21`22(17A21 (A58)
+ 35A24 + 52) + 3`
2
1(7A
2
1 + 13A
2
4 + 20)− 8`21`72(A1 −A4)(A1 +A4)− 8`21`52(A1 −A4)(A1 +A4)
+A22(4`
2
1 − 5)(`2 − 1)2(`2(`2(`2(`2(8`2 + 9) + 18)− 12)− 42)− 21)−A23(4`21 − 5)(`2 − 1)2
× (`2(`2(`2(`2(8`2 − 27)− 54) + 12) + 78) + 39) + 20(13`22 − 5)
)
,
where A1, A2, A3, and A4 are defined in Eq. (A43).
b. Cross terms from periodic quadrupole effects on the inner binary
dω1
dt
=
15G3/2mm3(1− `2)(1 + 2`2)e21C1
4c2
√
Mp1p
3/2
2 `1(1 + `2)
, (A59)
where C1 = A1A3 −A2A4.
